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1. Executive summary 

This deliverable extends the work described in Deliverable 4.4 and focusses on the implementation of the 

previously developed methods on patient-specific geometries. We have previously demonstrated the feasibility 

of implementing perfusion through the myocardium using a porous media model. This model describes blood 

pressure through the myocardium as a result of blood flow being fed into the tissue from the surrounding 

arteries. Nanoparticles (NP) tracking simulations based on reaction-advection-diffusion (RAD) equations have 

been added here. The next step will be the implementation of a kinetic model to capture the uptake of NP into 

the cardiac tissue. 

During the development of this deliverable some obstacles were successfully overcome. Coupling of the 

pressure and NP tracking equations resulted in a very stiff, and thus difficult to solve, system of equations as 

predicted in the risk assessment. However, we found that it was possible to decouple the physics due to the 

one-way nature of the multiphysics system. Additionally, a temporary, but ongoing personnel shortage due to 

illness means that currently, the work tasks of WP4 are carried out by only one person. This has not led to a 

delay thus far. 

A poster abstract has been submitted to the conference “The Heart by Numbers” and the first journal 

publication draft is planned for the end of this summer. 

Key deliverable achievements: 

1. Model of multi-compartment porous flow equations to calculate pressure fields in the heart. 

2. Implementation of NP deposition in the myocardium via a set of reaction-advection-diffusion (RAD) 

equations. 

3. Implementation using code design strategies to enable modular adaptability. 

4. Simulation of NP distribution through the myocardium.  
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2. Cooperation between participants 

SIM collaborated with CNR-IRGB, BET and CHA for the achievement of this deliverable. SIM and CNR-IRGB 

consulted on properties of NP uptake kinetics and CNR-IRGB will provide in vitro experimental data on the 

cellular internalisation of the NP, BET provided mouse imaging data, however, there was limited contrast 

between bone tissue and blood. Thus it was not possible to segment the coronary arteries from this set of 

images. BET will perform new experiments to provide better suited imaging data. CHA are looking into 

providing pig imaging data, which, due to the larger size of the animals, may be better suited for coronary 

artery segmentation. 

 

Figure 1: Mind map illustrating the collaboration between SIM, CNR-IRGB, CHA and BET for the preparation of D4.2. 
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3. Implementation of the multi-compartment porous flow equations to 

calculate pressure fields in the heart 

 

The equations are solved using the open-source finite element (FE) framework FEniCS, which implements the 

finite element method to numerically solve partial differential equations. A geometry of a patient-specific human 

LV (Figure 1) is used for all simulations shown in this deliverable. Perfusion to the heart occurs via the small 

arteries and capillaries that are embedded inside the myocardium. Due to their number and extremely small 

size it is infeasible to attempt implementing the exact geometry of  these arteries. Instead, as outlined in 

deliverable 4.4, we model these as a multi-compartment Darcy system of porous flow equations. Darcy’s law 

relates flow w to the pressure gradient ∇p inside a porous medium Ω,  

 

alongside the incompressible continuity condition, 

 

which states that any change in fluid volume in the domain Ω is due to a source term s. This system of equations 

models flow through a porous medium with homogeneous permeability K. Permeability of the myocardium, 

however, is inherently inhomogeneous due to the presence of blood vessels over a range of diameters. Thus, 

the classical Darcy model cannot accurately model perfusion to the heart. To account for the presence of 

arteries, arterioles and capillaries in the myocardium we follow the approach by Michler et al. (2012) and extend 

the classical Darcy model to the multi-compartment Darcy system for compartments i ∈ [1, N], 

 

where fluid exchanges between compartments are realised via the intercompartment coupling coefficients βi,k, 

which describe the movement of fluid from compartment i to compartment k. 

 

Figure 2: All simulations shown in this deliverable use a patient-specific human LV geometry (left). To numerically solve the equations using the 
finite element method, the geometry is divided into small cells (right). The geometry and mesh are courtesy of Henrik Finsberg (Simula 

Research Laboratory) and serve as a prototype while SIM awaits the availability of imaging data suitable for segmentation of the heart and 
coronary arteries. 
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Darcy’s law can additionally be expressed in its reduced form, which, in the multi-compartment case, reads 

 

with boundary conditions 

 

on Neumann boundaries ΓN and Dirichlet boundaries ΓD. Here, gi refers to a given boundary pressure, n is the 

unit outward normal vector and ψi describes the normal component of a prescribed velocity at the boundary. 

The reduced Darcy system only yields pressure as a solution. Velocity can be recovered by 

 

 

Inflow to the myocardium is handled via a pressure boundary condition (6), which follows aortic pressure 

(Figure 2) in the results demonstrated in this document. In the future the aortic pressure boundary condition 

will be replaced by simulations of blood flow through the coronary arteries. A number of locations on the outer 

surface of the myocardium are selected as inlet boundaries, which correspond to the entry points of the 

downstream arterial trees of the coronary arteries, which supply the myocardium. These locations are currently 

selected at random and are planned to later be replaced by more detailed geometries. Outflow of blood on the 

venous side is handled via the source term (Michler et al. 2012). 

 

 

Figure 3: Inlet pressure boundary condition for the pressure simulations. The boundary condition 
follows aortic pressure for now, but will in future be supplied by simulations of the coronary 

arteries. 
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Another important aspect of perfusion of the heart is the recognition of perfusion territories in the heart (Figure 

3). Each coronary artery supplies a specific portion of the myocardium and these territories generally do not 

mix. This is accounted for in the simulations by defining separate subdomains on the geometry according to 

the perfusion territory map. Each territory then has its own set of pressure and NP equations, such that the 

solution variables are now pa,i, pb,i, pc,i for perfusion territories a, b, c, ...  

 

Figure 4: Perfusion territories of the human LV. Each colour represents the perfusion territory of a particular coronary artery 
(Cerqueira et al. 2002). 
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4. Implementation of NP deposition in the myocardium via a set of 

reaction-advection-diffusion (RAD) equations 

 

NP are modelled as a system of reaction-advection-diffusion (RAD) equations 

 

where D refers to the diffusion coefficient, βi,k are the same intercompartment coupling coefficients as in (5) 

and fi describe sink terms. Each Darcy compartment has a corresponding RAD equation using the velocities 

recovered via (8). NP are here represented as concentrations ci. Due to their number and size it is considered 

infeasible to individually model NP. The RAD equations have boundary conditions of the form 

 

Here, ΓN refers to any boundary element that is marked as an artery entry point, where h i refers to the inflow 

of NP through the artery entry points, while h2 = h3 = 0. An example of marked artery entry points is shown in 

Figure 3. Endocytosis of NP is handled via the sink term fi, where f3 represents the kinetic parameter that 

controls uptake of NP into the tissue. Endocytosis only occurs in the small capillaries and thus f1 = f2 = 0. Thus, 

NP only enter the myocardium via the larger arterioles and only deposit via the smallest capillaries. 

One aspect of the NP distribution model that has not been developed yet is the kinetic uptake model for the 

NP. The uptake kinetics specify the rate at which NP leave the blood stream to enter the myocardial tissue. 

The development of this kinetic model is the last missing building block for the first simulation journal 

publication for the CUPIDO project. Modelling the exact uptake kinetics will strongly rely on experimental data, 

however, it is expected that a first kinetic model can be implemented as a predictor for experimental parameters 

such as optimal hydrodynamic radius of the NP. The results of the kinetic model will provide guidelines for 

some of the parameters of NP production. It is estimated that the draft for this paper will be completed by the 

end of the summer. 

 

Figure 5: Artery entry points marked on the surface of the LV geometry. The entry points 
are randomly marked and refer to the arteries on the outside of the heart that penetrate 

the myocardium to supply blood to the tissue. 
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In order for the NP distribution simulations to make sense the mesh has to be modified from the one used to 

simulate perfusion pressure. In particular, because the concentration of NP within the blood is expected to be 

fairly small and movement distances per time step are expected to be very short, the mesh resolution around 

the artery entry points has to be refined. This is done using FEniCS’ adaptive mesh refinement algorithm. We 

require a solution to the nonlinear problem 

 

The corresponding discretised problem on the mesh reads 

 

Providing a goal functional  the objective is to minimise the error between uh and u, that is 

 

Equation (14) is evaluated for each element of the mesh and elements for which equation (14) does not hold 

are refined by splitting them into two equally sized elements. The process is repeated until (14) is satisfied on 

the entire mesh. An example result is shown in Figure 4. 

 

 

 

 

 

 

 

Figure 6: Result of the adaptive mesh refinement algorithm for the artery entry points defined 
in Figure 3. Elements on the artery entry points are refined by splitting them until a goal 

function is satisfied. 
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5. Implementation using code design strategies to enable modular 

adaptability 

As previously mentioned all equations to model blood flow and NP distribution through the myocardium are 

implemented using the FE method as implemented in the open-source framework FEniCS. The FE method 

divides the geometry into small, mostly tetrahedral, elements on which the model equations are solved. 

Using FEniCS for this project has a number of advantages: 

 It is open-source and thus provides full access to its implementation. 

 It provides a variety of readily implemented solver methods and matrix preconditioners that are 

commonly used when dealing with the types of equations encountered in this project. 

 It provides a high-level interface to the programming language Python, allowing for equations to easily 

be specified without any detailed knowledge of the FEniCS implementation. 

 It is easily parallelised and run on high-performance computing clusters. 

 Simula has been heavily involved in the development of FEniCs and thus it has excellent availability 

of expert advice. 

During the implementation of the models described above great emphasis was placed on the reusability of any 

code written for this project. The project was fully implemented in Python and is maintained using the version-

control tool Git. The code is provided to the user as a package named np_perfusion, which handles the setup 

of the simulation models by calling 

from np_perfusion.np_solver import NPSolver 

np = NPSolver(fparam, mesh, boundaries) 

where fparam is the path to the parameter file, mesh is a FEniCS compatible mesh and boundaries is a mesh 

function containing the boundary markers. The simulation is then run using 

solver = np.solver() 

where solver contains the solutions for each time step that can subsequently be exported for results analysis. 

This setup allows for anyone without any knowledge of the implementation of the package to use the package 

and run their own analysis on any geometry. Additionally it allowed for the implementation of the model 

equations without the availability of high-quality images from WP3, thus avoiding potential delays by rendering 

the method development of WP4 independent of any other work package progress. One drawback of this 

approach is the increased time consumption of the method development process, however, the advantages 

were deemed to outweigh this disadvantage. 

Internally, NPSolver runs separate simulations for the pressure and NP equations. Initial prototypes of the 

simulations focused on a coupled physics approach as proposed in Annex I of the CUPIDO Grant Agreement. 

However, after encountering risk R6 (Difficulties in coupling multiphysics models due to the stiffness of the 

system equations), it was mitigated by realising that a coupling of the physics is not necessary at this stage. 

Coupled multiphysics approaches are necessary where there is two-way feedback between the components 

of the system. Here, due to the small size of the NP, it can be assumed that NP distribution will not have any 

noticeable effect on perfusion pressure. Thus it is possible to run the pressure simulations separately and use 

them as an input for the NP distribution simulations, thereby decoupling the system to a set of equations that 

is much more readily solved. 

The correct functionality of each component is established by the use of unit testing methods for each function. 
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6. Simulation of NP distribution through the myocardium 

Initially, the system of equations spanned by equations (5-8, 10-11) was solved as a fully coupled system of 

equations, which proved to be very stiff and thus difficult to solve. This risk was identified in the risk 

assessment. To overcome the risk the physics simulations had to be decoupled as predicted in the risk 

assessment. This means that in the simulations the pressure equations (5-8) are solved first and are 

subsequently used as an input for the RAD equations (10-11). This one-way coupling approach is not expected 

to have an effect on the results of the simulations as the effect of the NP on the pressure field in the myocardium 

is expected to be minimal. 

Combining the above specified models yields simulations of the distribution of NP through the myocardium 

throughout the cardiac cycle. The simulation parameters are listed in Table 1. 

Table 1: Simulation parameters. Parameter choices are based on Michler et al. (2012). 

Parameter Value 

Simulation time 1s 

Time step size 0.01 s 

NP hydrodynamic radius 300 nm 

Blood plasma viscosity 1.3e-3 Pa s 

Temperature 310.15 K (37 C) 

Permeability compartment 1 1 mm2/kPa/s 

Permeability compartment 2 10 mm2/kPa/s 

Permeability compartment 3 20 mm2/kPa/s 

Porosity compartment 1 0.021 

Porosity compartment 2 0.029 

Porosity compartment 3 0.061 

Exchange coefficient 1 → 2 0.02 1/kPa/s 

Exchange coefficient 2 → 3 0.05 1/kPa/s 

 

The simulation results show that NP tracking on the simulation model is successful. Prediction of experimental 

results is now pending the availability of high-resolution imaging data for the same animal species on which 

experiments are performed. The simulations yield six results datasets, one for pressure in each arterial 

compartment and one for the distribution of NP. Pressure is highest at the inlet locations and is fairly 

homogenous through the tissue. In compartments 2 and 3 pressure is relatively homogeneous, and, as 

expected, the pressure range drops continuously from compartment 1 to compartment 3. The distribution of 

NP is assessed in terms of the gradients of c1-3. Because the concentration of NP is significantly higher at the 

artery entry points compared to everywhere else on the geometry it would be difficult to assess the simulation 

results on c1-3 directly, whilst the gradient provides considerably better visualisation of the active processes. 

The results show that NP spread fairly uniformly away from the artery entry points and that they successfully 

migrate between compartments 1-3. These results indicate that the simulations perform as intended and will 

be a useful tool in predicting and assessing NP delivery to the myocardium. 
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7. Conclusions 

The deliverable D4.2 is well on track, and the work-in-progress is good. The building blocks presented 

previously in D4.4 have been added together and expanded to allow for the successful simulation of NP 

distribution through the myocardium. Progress has been impacted by a case of extended illness, which means 

that currently only one person can carry out the work associated with WP4, including the preparation of 

deliverables and period reports. However, a plan for a journal publication is in place and an abstract for a 

poster has been submitted to a conference. 

 


